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ABSTRACT: We prove the conjecture of Tian on the strong form of the Moser-Trudinger 
inequality for Kahler-Einstein manifolds with positive first Chern class, when there are 
no holomorphic vector fields, and, more generally, when the setting is invariant under a 
maximal compact subgroup of the automorphism group. 
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i> : 1 Introduction 

o, 

^ . The existence of canonical metrics in differential geometry is closely related to the proper- 

^ I ness of corresponding energy functionals. A basic example is given by Hermitian-Einstein 

O ' metrics on holomorphic vector bundles. By the Donaldson-Uhlenbeck-Yau theorem [10], 

"Th ! [26] existence is equivalent to the stability of the bundle. But existence is also equivalent 

to a certain non-linear bound from below for the Donaldson energy functional [11]. An- 
other example is provided by Kahler-Einstein metrics. Such a metric always exists on a 
manifold X with ci(X) < [27], [1] and ci(X) = [27]. If ci(X) > then existence is 
^^ ■ conjectured by Yau to be equivalent to stability in the sense of geometric invariant theory 

^ . [28] . Relating this to energy functionals, Tian showed in [22] that a Kahler-Einstein metric 

Jj I ujke exists in this case if and only if the functional -Fc^^^ (<;/>) is proper. More precisely, let 

{X,u) be a compact Kahler manifold of dimension n and volume V with ci{X) > 0, and 
define the functionals F^{(j)) and Juj{4>) by 



V Jx V Jx 



e'^^-'^u;"). 



JM) = ^ g C^) X 3^ A 9^ A .--■ A .j, (1.1) 
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for all in V{X, u) = {(f) e C~(X) \ u^, = u + ^ddcj) > 0}. Here h^ is the potential for 
the Ricci curvature of the Kahler form u defined by 

Ric(cu) -uj = ^^ddh^, f e'^-cj" = V. (1.2) 

2 Jx 

Then it is shown in [22] that, under the assumption that X admits no non-trivial holo- 
morphic vector fields, the existence of a Kahler-Einstein metric oore is equivalent to the 
existence of a Kahler metric u G ci(X), a strictly positive exponent 7, and corresponding 
constants A^ > 0, B^, so that 

FM > A,U(j)y - B„ (1.3) 

for all (f) in V{X,uj). In view of the cocycle identity, F^{(f)i + ^2) = -^c^(0i) + -f^^ (^2) 
and properties of the functional J^^ (see section 2), the inequality (1.3) holds for every 
uj G Ci(X) if and only if it holds for some u G Ci{X). 

Inequalities such as (1.3) are sometimes referred to as generalized Moser-Trudinger inequal- 
ities, by analogy with similar identities on the sphere 5*^. Indeed, the Moser-Trudinger 
inequality [15], [25], [16] for functions u G Ll{S^), 

V Js'^ 

with the optimal constants C = v = 1 and 00 ke the round metric on S*^, implies Fi^^j^{(j)) > 
for G V{S'^,uke)- Aubin [2] showed that if u satisfies 

Xe-^'tOKE = 0, for all A G A, (1.5) 

where A is the space of eigenf unctions of the Laplacian A^^^ with eigenvalue 1, then the 
constant u can be reduced to 1/2 -|- e for any e > 0, at the expense of increasing C. See 
also [7] for further results along these lines. The inequality (1.3) for 7=1 and uj = ujke 
corresponds to a reduction in the constant z/ to z/ = 1 — Ai, with C = e^^. 

The exponent 7 found for (1.3) in [22] was 7 = e^"/(8n + 8 + e~"). In [6] it has been 
improved to 7 = l/(4n + 5). It was conjectured in [22] that the optimal exponent should 
be 7 = 1. It has been shown in [19] that this is indeed the case when the a-invariant 
[21], [23] is strictly greater than ^^. Also, very recently, it has been shown [29] that the 
conjecture holds in the case of toric manifolds for potentials invariant under the compact 
torus action. 

In this paper, we prove Tian's conjecture in general. 

Theorem 1 Assume Ci{X) > 0, X has no non-trivial holomorphic vector fields and that 
X admits a Kahler-Einstein metric 00 ke- Then there exist positive constants A and B 
such that 

F.,M > AJ^^M - B (1.6) 

for all (f) G V{X,coke)- 



If X does have non-trivial holomorphic vector fields, Theorem 1 can be generalized as 
follows (cf. [22], Theorem 4.4). Let Aut°(X) be the component of the automorphism 
group of X containing the identity, and G = Stab{ujKE) C Aut°(X) be the stabilizer of 

^KE- 

Theorem 2 Assume Ci{X) > and that X admits a Kdhler-Einstein metric ooke- As- 
sume that Aut''(X) has a finite center. Then there exist positive constants A and B such 
that 

F.^M > AJ^^M - B (1.7) 

for all G-invariant potentials G V{X,ujke)- More generally, if G G StaJo{ujKE) is a 
closed subgroup whose centralizer in Stah{ujKE) is finite, then the same inequality (1.7) 
holds for all G-invariant potentials 0. 

By the results of [12], [14] and [4], Stah{ujKE) is a maximal compact subgroup of Aut°(X) 
and the complexification of its Lie algebra is the space of holomorphic vector fields. 

The proof of Theorem 1 consists of two steps: 

Step 1. Prove the inequality (1.3) for some 7 > and for those satisfying 

osc(0)<ir(J^^,(0) + l), (1.8) 

for some constant K, where the A^ and -B-y now depend on K. 

Step 2. Remove the assumption (1.8) and prove the Moser-Trudinger inequality (1.3) 
with 7 = 1. 

• Tian [22] has given a proof of the first step with 7 = e~"/(8n + 8 + e~"). His proof makes 
use of the reverse continuity method of Bando-Mabuchi [4] and a modification of Bando's 
smoothing by the Kahler-Ricci fiow [3]. We have taken the opportunity to present a 
complete and somewhat more streamlined proof of Step 1 in sections 2-4. There are some 
simplifications and improvements, and in particular we have eliminated the two Moser 
iteration arguments used in [22]. As a consequence, 7 here can be taken to be arbitrarily 
close to l/(2n — 1) if n > 1 and arbitrarily close to | if n = 1, an improvement over 
previously known results. 

• It was shown by Tian-Zhu [24] that the assumption (1.8) can be removed so that (1.3) 
holds with the 7 of Step 1. In section 5 we prove Step 2 by simultaneously removing the 
assumption and proving the full Moser-Trudinger inequality with 7 = 1, regardless of the 
value of 7 obtained in Step 1. A reader who is familiar with the afore-mentioned result of 
[22] and wants to immediately see a proof of Theorem 1 may wish to skip to this section. 

• Finally we show, also in section 5, how to prove Theorem 2 by making some minor 
modifications to the proof of Theorem 1. 

It may be interesting to have a version of Theorem 2 with the assumption of G-invariance 
replaced by a less restrictive orthogonality condition on 0. If one considers the condition 
_L A, then one would have to show that the projection of ipt on A is controlled by the 



projection of ipt on A"*-, where V't are the potentials introduced in section 3 below. Note 
that the condition ± A is different from the condition e'"^ _L A introduced in [2]. It 
is known that (1.3) does not hold (for any exponent 7 > 0) if the plurisubharmonicity 

condition ujke + -^^i9(90 > is dropped, as there are counterexamples [17] with ± A. 
Other non-plurisubharmonic counterexamples with ± A can also be deduced from the 
results of [5]. 

Remark The results above also immediately imply analogous inequalities for the Mabuchi 

energy [13] by the argument in [22] and the Ei functional [8] by the argument in [20]. 



2 Proof of Step 1 

We assume the existence of a Kahler-Einstein metric ujke, and establish the inequality 
(1.3) for F^j^j^{(f)), for satisfying (1.8). Fix a potential G V{X,uke), and set u = 
^KE + -^^590. Consider the following complex Monge- Ampere equation, 

{uj + ^—^9904)" = e^"-*^*cu", t G [0, 1]. (2.1) 

By a theorem of Bando-Mabuchi [4], since there are no non-trivial holomorphic vector 
fields, a unique solution 0j to this equation exists for all t G [0, 1], and u^^ = ujke- In 
particular 0i and —0 differ by a constant. To exploit this equation, we require another 
functional /(^(0), defined by 

4(0) = ^ 5: y^ 90 A 90 A c^- A c.;-^-^- = -j^ 0(c." - ul). (2.2) 

From the explicit expressions for /^ and J^, it is easy to see that /^, J^^ are always positive, 
and that 

-4 < -^lu. < Ju. (2.3) 

n n + I 

The derivatives of these functionals 7^^, J^ along a general path 0^ are given by 

j^JM)^yjJ,(^"-^l), (2.4) 

Pm)-^IM^"-^;.)-^Ij4k.). (2.5) 



As a first consequence of these formulas, we find 

|(/„ - j.m) = -| (^ X ^'<) + V L ^'<^ P^«' 



When (pt satisfies the Monge-Ampere equation (2.1), we have Jx(t(f>t + 0*)^^^ = 0, which 
follows from differentiating the equation J-^ ^h^-tipt^^n _ y^ Substituting for jj^ 'Pt^St ^^ 
(2.6) and integrating in t, we obtain [9] for all t 

-^ jj,ujl = % - ^)(0t) -\j\l^ - ■Ju.){<Ps)ds, (2.7) 

or equivalently, using the expression (2.2) for I^{(f)t), 

FMt) = -7 [\l - J.){(ps)ds - log (i / e^-^^uo-). (2.8) 

t JQ V JX 

Taking t = 1, the last term on the right hand side is zero, and -F^(0i) = —F^j^j^{(j)), so 
that 

F.^Ei<P)= f\L-Ju.m)dt. (2.9) 

Jo 

Next, the variational formulas for I^ and J^^ also imply 

|(/.- i„)(*) = -^Ij4«) = 4/,*.(A,*.K,. (2^10) 

where A^ is the scalar Laplacian with respect to the Kahler form u;^^. Differentiating the 
Monge-Ampere equation (2.1) shows that At(/)t = —t(f)t — (pt, and hence 

j^iL - J.){cPt) = ^ Jj-At^t){-At - mtool. (2.11) 

But the Monge-Ampere equation (2.1) also implies that Ric(a;<^J = tu^^ + (1 — t)uj > tu^^, 
and hence, by the Bochner-Kodaira formula, — Af — t is a positive operator. It follows that 
the right hand side of (2.11) is nonnegative and {I^ — Juj){4>t) is a nondecreasing function 
oft. 

• We will also need the following consequence of the fact that the functional F^ defined by 
F^{(p) = J^{(f)) -yJx 0tu" also satisfies the cocycle property F^(^ + 9) = F;^{^) + F^^^O): 

|^(0i)-^(0o)|<osc(0i-0o), for 00,01 G^(^,^). (2.12) 

Indeed, 

JMi) - JMo) = 7 ^('^1 - <^o)cc'" - FO^^ (00 - 0l) 

< :^ ^(01 - 0O)CC" +^lj<Po- (plH. < OSC(01 - 0o), (2.13) 

where we made use in the inequality of the fact that J > 0. Interchanging 0o and 0i 
establishes the desired estimate. There is a similar inequality for the functional (/^ — J^^) 
which will also be useful later: 

!(/.. - ^)(0i) - {L - ^)(0o)| < nosc(0i - 0o). (2.14) 



To see this, note that adding 

Uh) - iMl) = \^ Jjh - h)^'' + \ /^(01 - 0O)^;, ^W^ 0oK - ^0a)' 

to (2.13) gives 

(/. - ^)(0o) - (/. - ^)(0i) <W^ M^l - ^V 

= 77 / (01 - <Po){u^4>o - ^) A E < A uj;;'-^, (2.15) 

after integrating by parts, and this is bounded above by nosc(0i — 0o)- Interchanging 0i 
and 00 gives (2.14). 

We return now to the proof of the inequahty (1.3). Since (/^ — Juj){4't) is nondecreasing 
in t, the identity (2.9) imphes that, for any t in [0, 1], 

F^^M >a-t)il- J)Mt) > ^(1 - t).U<Pt), (2.16) 

where we have made use of (2.3). Since \Juj{(pt) — Juj{<Pi)\ < osc(0t — 0i) and Jui{4'i) = 
JujKEi^)y ^^ deduce that 

F^^M > -(1 - t) J^^,(0) - -(1 - t)osc(0i - 0i). (2.17) 

ft At 

• The main problem is then to estimate osc(0t — 4>i)- It is of course sufficient to estimate 
1101 ~ 0t||co- The original Monge-Ampere equation (2.1) is written in terms of u^^ = 
uj + ^^^(9(90i, so that uj is the reference metric. Since the key estimates which we need 
take place near t = 1, and since uj depends on the given potential G V{X,ujke)^ it is 
preferable to rewrite (2.1) as a Monge-Ampere equation with ooke as reference metric. It 
is easily verified using (2.1) that 

log Xllu ^ Y^n + ^^^ - ^*) = ^'- ^)'^*' ^2-^^) 

[iOKE - ^dd{(f)i - 0i))" 

For later use, we also compare (t — 1)0^ with the potential function /i^ for the Ricci 
curvature with the normalization (1.2). We must have h^^^ = (t — 1)0^ + Ct for some 
constant q. The normalization condition (1.2) gives 

a;" = /eH.^" = / e(*-i)**+-a;" (2.19) 



X '^- Jx '^- Jx "^^ 



from which it follows that |q| < (1 — i)||0t||c"- I^i particular, 

||/^.,J|co<2(l-t)||0t||co. (2.20) 



• The equation (2.18) is of the form, 

log ^^1^- + ^ = h, (2.21) 

with ip = (f)i — (pt and h = (t — 1)0^. As a first attempt to get estimates for | |0i — 0t| |c« iii 
terms of 1 — t and | |0i| |(^o, we can apply the implicit function theorem. The linearization of 
the left hand side of (2.21) a.t ip = is Sip ^-^ Ake^'^P + S'^P, which is an invertible operator 
from Ll^2i^) -^ Ll{X) and from C^'^^iX) -^ C^{X), for any p > 1, A; > and < /t < 1, 
when X has no non-trivial holomorphic vector fields. Thus there exist constants C{ujke), 
^{^ke) > (depending on p, k, and k) so that if ip and h satisfy the equation (2.21), then 

\\h\\co,. < eiuKE) => \mc^,^<CiiUKE)\\h\\co,^ (2.22) 

and 

\\h\\Li<e{ujKE) => \mLi^^<C{ujKE)\\h\\Li. (2.23) 

The above norms, and indeed any other unadorned norms appearing in this paper, are 
understood to be taken with respect to the metric ujke- Now for p > 2n and A; = 0, we 
obtain, in view of the Sobolev imbedding theorem, 

\\h\\co < e{uKE) => Mlco < C{uke) \\h\\co. (2.24) 

Apphed to the equation (2.18), we find 

{l-t)\\(Pt\\co<e{ujKE) => \\<Pi-Mc"<C{ujKE){l-t)\\(Pt\\co. (2.25) 

If indeed (1 — t)||0t||co < e^UKE) for all t, then we pick say t = | in the inequality (2.17), 
and the desired inequality (1.6) follows at once. Otherwise, we let to be the largest value 
possible so that (1 — t)||0i||co < e{ujKE) for all t e (to, 1]. Clearly to < 1, although it does 
depend on the potential e V{X,uke)- Assuming without loss of generality that both 
^{^ke) and 1 —to are small numbers, we can deduce that |||0tollco < ll^iHc" < 2||0t„||co, 
and hence 



2n ||0i||co 



F^kA<I>) > 'Zf' ulu' - C. (2.26) 



However, in general, ||0i||c7o is of the same size as Juikei so this estimate does not improve 
over the already known fact that F^^j^j^{(p) is bounded from below. 

• The idea is to improve on the range of t on the left side of the implication in (2.25) so 
that, roughly speaking, (1 — t) ~ l/||0t||p'^''' for some 7 > 0, assuming ||0i||co is large. More 
precisely, we have the following lemma, which provides the key estimate for ||0i — 0t||co: 

Lemma 1 Let p>2n,0<K<l and a = ^^'^^ , Then there exists a constant D = 
D{ujke) > depending on p, k, so that 

1101 - 0*||co < 100(1 - t)||0t||co + 1, (2.27) 



for all t G [to, 1], where to (depending on (p) is defined by 

(l_to)i-"(l + 2(l-to)||0iJbor = sup (l-t)i-"(l + 2(l-t)||0,||co)" = /^. (2.28) 

te[to,i] 

Given Lemma 1, we can complete Step 1. Assume that p > 3 — 2k,, so that a > 1/2. 
Notice that this holds automatically if n > 1. In the inequality (2.17), we set t = to, where 
to is chosen as in Lemma 1. The definition (2.28) of to implies that 

2"il-to)\\(t)to\\co<DicuKE)- (2.29) 

Then since 1/a < 2, 

{l-tof\\K\\co<DiujKE)-- (2.30) 

Hence, from the inequality (2.27), 

(1 - to)||0i - 0to||co < 100(1 - to)'||0t„||co + 1<C^, (2.31) 

where Ci is another constant depending only on ujke, P and k. This handles the second 
term on the right hand side of (2.17). To handle the first term on the right hand side, we 
begin by noting that we may assume that 1 — to < S for some fixed small constant 6 > 0, 
otherwise the stronger inequality -^1,^^(0) > f^JuiKsi^) ~ n^i already holds. In particular, 
we may assume that (1 — to)||0tollco > |, for otherwise the definition (2.28) implies that 
2~T^_D(cj^^)T^ < 1 - to. When (1 - to)||0iol|c;() > |, the definition (2.28) implies 



2' 

lU. Il„„ > 

2' 

^2a/ 



D{uKE)<2"'il~to)\\(l)t,\\'^o, (2.32) 

giving 

C 
l-^o>^ ^- (2.33) 

The inequality (2.17) implies then 

F^,A<P)>C,^^^-lc,. (2.34) 

However, for 6 < ^, the inequality (2.27) implies that 

||0tollco<2||0i||co + 2, (2.35) 

so we obtain 

8 



Since 



^ e*^'^; = J^ e-^u- = y^ ^" = j^ ul, (2.37) 

bt must change signs. Hence ||0t||co ^ osc(0(). Furthermore osc0i = osc0 since 0i and 
-(f) differ by a constant. Thus we have shown that 



Jc^KEi(f>) _ 2 
"^^ -""' (2OSC0 + 2)" n 



F^,, > C2 ,. ^'"r^',„ - -Ci. (2.38) 



The desired inequahty (1.3) with 7 = 1 — 0; = ^^ and all G V{X,uke) satisfying the 
additional condition (1.8). If n > 1, p and k, can be taken arbitrarily close to 2n and to 
respectively and it follows that 7 can be taken arbitrarily close to g^^y- If ^ = 1 then 
we require p > 3 — 2k, giving a 7 arbitrarily close to |. This completes Step 1, assuming 
Lemma 1. 



3 Proof of Lemma 1 

The idea in the proof of Lemma 1 is to smooth out 0i — (pt by the Kahler-Ricci flow. More 
precisely, for each t, consider the normalized Kahler-Ricci flow Ug^t iii time s with initial 

data uo^t = 0, 



dus,t _ , {^4't + ^ddus^t) 

OS Uj ^' 



log v:^:^i^^_:i^i::-^ + „^_^ _ . . (3.1^ 



Write Ut for ui^t, and consider the Kahler form 

u^^+ut = ^ H ^dd{(f)t + Ut) = LORE -^dd{4>i - 4>t- ut). (3.2) 

There exists then a constant at so that 



log I -, 77=T:-^ \ ^ I + 01 - 0, - M, - a, = K^^^^^ , (3.3) 



i^KE - ^<9(9(0i - 04 - Mi)) 



which can be seen easily by applying ^—Idd to both sides. Set now 

^t = 01 - 0t - Mt - at. (3.4) 

Then the equation (2.21) holds with ip = ipt, h = h^j^ _,_„ . The following "smoothing 
lemma" shows how the bound on h^j^ _^^ improves on that of h^j^ : 

Lemma 2 Let Ut = Mi,t be defined as in (3.1). 



(a) We have for all t G [0, 1], 

\\ut\\co < 3||/ia.^J|co- (3.5) 

(b) Let A > and ti G [0, 1]. Assume that 

A^^ujke < ^<pt+ut < Auke, (3.6) 

for all t G [ti, 1]. Then for any p > 2n and < k, < 1, there exists a constant B^ 
depending only on p, A, and ooke so that for t G [ti, 1], 

\K,^^jy.^<BAii + \Kj\cora-t)'-"- (3.7) 

where a = E±^^. Here, as before, the norms are with respect to ujke- 

This lemma follows from estimates for the Kahler-Ricci flow and will be proved in the next 
section. Assuming it for the moment, we complete now the proof of Lemma 1. The next 
step is to establish the following lemma: 

Lemma 3 Fix p > 2n, < /t < 1, and choose D{ujke) = 4(g ^i)(c+i)(e+i) ' where e = 
e{ujKE), C = C(ujke) (if^^ chosen as in (2.22), and B2 is defined as in Lemma 2 with 
A = 2. Choose to as in (2.28). Then for t G [to, 1], we have, 

Il^t||c2.«<^- (3.8) 

Proof of Lemma 3. We assume the contrary. Since ipi = 0, there exists ti G [to, 1) so that 

1 1 

Il^tillc2.« = T and ||^i||c2.K<- if t > ti. (3.9) 

Since the operator norm of any symmetric matrix is always smaller than its Hilbert- 
Schmidt norm, we have for t E [ti, 1], 

1 v^^ - 1 

-jujke < -^—ddiJt < jujke, (3.10) 



and thus 



-ujke<(^ke —ddtpt = i^cf>t+ut<'2^KE fortG[ti,l]. (3.11) 



Thus the inequality (2.20) and Lemma 2 imply that for t G [ti, 1], 

Ht+«Jlf^"-- ^ 52(1 + ||/^^^J 



|^.,,+„lbo,^<52(l + ||/^.,l|co)"(l-t)'-" 



l~a 



<52(l + 2(l-t)||0i||co)"(l-t) 

< ^^ n 12) 

- 4(B2 + l)(C + l)(e + l)- ^ • ^ 



10 



This bound is strictly less than e, and thus the bound (2.22) from the implicit function 
theorem implies for t G [ti, 1] 

f R 1 

This contradicts ||-?/'iJ|c2,K = i, and completes the proof of the lemma. Q.E.D. 

Proof of Lemma 1. Still assuming Lemma 2, we can give now the proof of Lemma 1. 
Since (pi — (j)t = ipt + Ut + at-, and since the bound ||-?/'f Hc-o < 1 is provided by Lemma 3, 
it will suffice to estimate ||-Uf||co and \at\. Using the estimate (2.20) for h^ , Lemma 2 
implies at once ||Mi||co < 6(1 — t)||0i||co. Next, the Monge- Ampere equation for ipt and 
the normalization of h^, ^ give 

e^^u:l,,= /eH.+..^" =K (3.14) 



X — Jx '^*+"* 



On the other hand, rewriting the Monge-Ampere equation (2.18) in the form uj^^ 
gt0t-<^i(^n- , we also have 



Pf 



e^'uj].E = / e^'+'^'-f'uj^ = / e-'''-'''+^'~^>f"uj2 • (3.15) 

X Jx ^ Jx ^ 

Comparing the two values, we obtain 

|ai|<|k||co + (l-t)||0t||co<7(l-t)||0i||co. (3.16) 

We can return now to the estimate of ||0i — 0t||t;o, 

1101 - M\co < \at\ + \\ut\\co + llV^tllco, (3.17) 

and the desired estimate for ||0i — 0t||co follows immediately. The proof of Lemma 1 is 
complete. Q.E.D. 

4 Smoothing by the Kahler-Ricci Flow 

We give now the proof of Lemma 2. It is here that the improvement of the exponent in 
Step 1 over previous results takes place. For convenience, introduce the following notation 
for the Kahler-Ricci flow, 

|^.og '"° + y^"'% .-..,. .(0)^0, (4.1) 

Vs = Vo + ^^^-^ddu, and hs = hjj^. Then hs = —u + Cs = hg + Cs for some constant Cg with 
Co = 0. We will use a subscript s to indicate objects that are defined with respect to the 
metric r]s (e.g. A^, Vg, | • \s)- The following lemma is well-known [3], but we include its 
proof for completeness: 

11 



Lemma 4. We have the following inequalities: 

(a) ll'^llco ^ 6*||/lo||c;i) 

:\ ^ /l„2s||;, ,, 



(b) sup{\hs\^ + s\VK\l) <4e2^l|/io"' 



(c) e-'A,h, > Ao/io- (4.2) 

Proof of Lemma 4- DiflFerentiating the Kahler-Ricci flow equation gives 

d 

-—ii = Agii + ii, (4.3) 

as 

and hence HmUco < e*||/io||cO! giving (a). Similarly, the flows for h^ and |V/is|^ are, 



^ hi = A,hi-2\vh\i + 2hi 

OS 



^\Vk\l = AslVhf - \VVk\l - \VsVhs\l + \V~K\l. (4.4) 

OS 



and hence, 

d ,, 



-^^{hl + s\Vhs\l) < A,{hl + s\Vh\l) + ^{hl + s\Vh\l). (4.5) 

The maximum principle then implies 

sup {e-^'{M + s\Vhs\l)) < ||/io||co- (4.6) 

X 

From the normalization condition for kg and (4.1) we see that 



IX 

Part (a) implies \cs\ < e''^\\ho\\co which, when combined with (4.6), yields (b). 
Finally, the flow for A^-u is given by 

d 

— (A,m) = Alii + Asii - \Wu\l < Alii + A,m, (4.8) 

as 

and (c) follows also from the maximum principle. Q.E.D. 

Lemma 5 Assume now that tjq = u^^, Hq = h^^^ . Let v = hi — -^ fx^iVi '^''^d assume that 

A-'^ujke<Vi<Aujke- (4.9) 

Then for any p > 2n, there exists C > 0, depending only on ujke, A and p so that 

||i;||co <C||/io||co'(l-t)~. (4.10) 
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Proof of Lemma 5. Lemma 4 shows that 

ll^^llco <4e||/io||co. (4.11) 

On the other hand, we also have 

/ \Vv\lrfl = - [ t;(Ait;) ■ r]"^ = f {v - miv){-Aiv) ■ rf^ 
Jx Jx Jx X 

< / (f — inf f ) sup(— Aif ) ■ ?7? 

JX X X 

<2V\\v\\co sup{-Aiv). (4.12) 

X 

Recall that ho = h^^^ and thus Ric{rio) > trjQ. This implies that Ao/^o > — n(l — t), and 
hence, in view of Lemma 4, 

-Ai/ii <ne(l-t). (4.13) 

Substituting in the previous inequality gives 

/ \Vv\lrfl<2Vne\\v\\c4l-t). (4.14) 

Jx 

Let p > 2n. Then for some constants Cj depending only on uj^e, ^ and p, 

II IIP ^ r^ 



< Co (||t^|IS^'/^Ar + (2e||/io||co)^~'/^|Vt;|?< 
<Ci||/io|IS^'/ |Vt;|?r/r, (4.15) 



where we have used the Sobolev inequality, the Poincare inequality and applied (b) of 
Lemma 4. Note that the constants in the Sobolev and Poincare inequalities depend only 
on ujkei since the metric 771 is equivalent to ujke in view of (4.9). Together with the 
inequality (4.14), this gives 

\Wc^,<C2i\-t)\\ho\\''-.?\\v\\c^, (4.16) 

which is the inequality to be proved. Q.E.D. 

Proof of Lemma 2. We can give now the proof of Lemma 2. Recall that rjo = uj^^ and 
^0 = h^^ . From (a) of Lemma 4, it follows that — c^H/ioHco < u < e''||/io||c;o, and 
integrating from to 1, we obtain the first statement in Lemma 2. Next, fix < /t < 1 
and let x,y E X. Let di{x,y) be the distance between x and y with respect to the metric 
rji. If di{x,y) > (1 + ||/io||co)~'^(l ~ tY^ ^^i some fixed < (5, /x < 1 to be chosen later, 
then Lemma 5 implies 

\hi{x) - h,{y)\ n^ 117. II ^M«n ^\-s. 

< 2||t;||co(l + \\no\\cof [i - t) 



di{x,yY 

< C(l + ||/io||co)^'"''"(l-t)^~'^". (4.17) 
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li di{x,y) < {1 + WhoWco) ^(1 — t)'' instead, then we use the estimate ||V/ii||co(^^) < 
2e||/io||co from (b) of Lemma 4 to write 



\hi{x) - hi{y)\ i_^ 

d,{x,yr -"^^^"^'^^ liv-i||c"(.n) 



<diix,yy-^\\\/h 

< C(l + ||/io||co)"''^^~''^+^(l-^)^^^""^- (4.18) 



The optimal choice of 6,fi is when the exponents of (1 — t) and ||/io||c" match in the two 
inequahties, which is S = fx = -^i- We get then in all cases, 



diix^y)" 
with a = 2±^^. Finally, Jx^'^^Vi = IxVi implies that hi changes signs, and thus 



p-2 



\\hi\\co < osc(/ii) = osc(t;) < 2\\v\\co < C(l - t)~||/io||^o'. (4.20) 

This is a better bound than the one in (4.19), so we obtain the desired bound for ||/;,i||c(),'«- 
The proof of Lemma 2, and hence of Step 1, is complete. Q.E.D. 

5 Proofs of the Main Theorems 

In this section we complete Step 2 to prove Theorem 1 and then show how the proof of 
Theorem 1 can be modified to give a proof of Theorem 2. 

Proof of Theorem 1. We need to prove that for all G V{X^ ujke), 

F^,M>AJ^,M-B, (5.1) 

for some A, B > 0. As before, let cu = ujke + -^^i9(90 and let (pt be the solution of (2.1). 
We first need the observation of Tian-Zhu [24] that the potential 0t — 0i satisfies the 
condition (1.8), 

osc(0t - 0i) < K{J^^^{<Pt - 0i) + 1), (5.2) 

for t G [1/2, 1] with a constant K depending only on ujke- We will then prove (5.1) by 
showing that there exist positive constants C and c depending only on ooke such that for 
some t with 1 — t > c, 

^KK(0t-0i)<C. (5.3) 

Recall from section 2 that we have the inequality (2.17), 

F.^M > -(1 - t)Ju.KEi<P) - -(1 - t)osc{^t - 0i), (5.4) 

n n 

14 



for any t G [0, 1]. Then this together with (5.2) and (5.3) will give (5.1). 

To prove (5.2) observe that Ric(u;(^J > ^uj^^ when t is in the interval [1/2, 1]. It follows 
(see [18], for example) that the Green's function for u;^^ is uniformly bounded from below. 

Since uke + 2^'^'^(*^* ^ 0i) = ^<pt > ^"^^ ^<t>t + 2^'^'^(*^i ^ *i^*) ^ ^^^ > we have 

-A^^g(0t-0i) < n and - At(0j - 0i) > -n. (5.5) 

Then using the Green's functions for uke and u^^ there exists Cq = Co{ljke) such that 
for all x,y in X, 

(0* - 0i)(x) <^ f i<Pt- 0iXi, + Co (5.6) 

(0. - 0l)(t/) > :^ /^(0* - 01)^^^; - Co. (5.7) 

Hence, using (2.2) and (2.3), 

OSC(0, - 0l) < :^ lj<Pt - <Pi){^Ie -^l)+ 2Co 

= Iu^A<t^t - 0i) + 2Co < K{J^^^{(t)t - 0i) + 1), (5.8) 

as required. 

We will now give a proof of (5.3). Making use of the cocycle condition for F, the equations 
(2.1), (2.7), (2.8) and the concavity of the log function, we have for t G (0, 1], 

F^^^{<pt - 0i) = F^{(j)t) - F^(0i) 

= -\j\L-J.){(t>s)ds + j\L-J^){(^,)ds- log (^l^e(*-i)^'a;; 

t Jo Jo V Jx ^ 

= —I (L - J^)i(l)s)ds + f (L- Ju){(l)s)ds - (1 - t)% - J^){(t)t) 
t Jo Jo 

+ ^-^-^ f\L-J.){<Ps)ds 
t Jo 

= j\lu. - Ju.)i(ps)ds - (1 - t)(/^ - J,)(0i) 

< (1 - 1) ((/^ - JJ(01) - (/^ - JJ(0,)) 

<n(l-t)osc(0i-0i), (5.9) 

where for the last line we have used inequality (2.14) and in the previous line, we have used 
the fact that {I^j — Juj){(t>s) is nondecreasing in s. From (5.2) we see that for t G [1/2, 1], 

F^^A<Pt - 0i) < «(1 - t)K{J^^^{<Pt - 0i) + 1). (5.10) 
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But from Step 1 we have 

A,J^,,{ct>t - (t>iV -B,< F^^^{<j)t - 0i), (5.11) 

and combining this with the preceding inequahty gives 

J.^A<t>t - <PiV K - ^^(^ - ^)-^-KE{<Pt - 0i)'~^) < ^(1 - t)K + B^. (5.12) 

We can suppose that there exists a t' G [1/2, 1] with 

nK{l - t')J^^^{<j)t' - h)'-^ = A^/2. (5.13) 

For, if not then we must have 

nK{l - t)J^^^{<Pt - 0i)i-^ < AJ2, (5.14) 

for all t G [1/2, 1] and hence for t = 1/2. It would follow that J<^^b(0i/2 — <Pi) < C, and 
we would be done. Otherwise, from (5.12) we see that JiOKsi'^t' ~4'i) ^ C and from (5.13) 
that 1 — t' > c > and we are finished. Q.E.D. 

Proof of Theorem 2. The assumption of no non-trivial holomorphic vector fields is used 
in the proof of Theorem 1 for two applications of the implicit function theorem. The first 
application is to obtain a solution (pt of (2.1) and the second is to obtain the estimate of 
Lemma 3. In both cases, the key fact is that the operator / i— > A^^^/ + / is an invertible 
operator from C^'''(X) to C"*(X). The kernel A of this operator will be nontrivial if there 
are holomorphic vector fields. Let G be as in Theorem 2, and let Ai, ■ ■ ■ , Am be a basis of 
A, and define for each g & G the matrix aij{g) by p{g)Xi = aij{g)Xj, where p is the action 
of G on A. Then if / is G-invariant, we have 



Vi= f\iUJKE = aiji9) f>'j^KE = aijig)Vj, (5.15) 

which means that the vector Vi defined by the left hand side is fixed under G. Since G has 
by assumption no non-zero fixed vector, the vector Vi must be 0, which shows that / is 
orthogonal to A. Hence replacing G'^''^{X) and C"*(X) with their G-invariant counterparts, 
we see that the operator is still invertible in this case as long as the objects involved are 
G-invariant. But u and /i^ are G-invariant since ujke and are, and it follows that the 
family (pt is G-invariant. Since the Ricci flow preserves the G-invariance, ut and ipt are 
G-invariant. The proof of Step 1 then goes through as before. Step 2 follows as above 
once we observe that (pt — 4>i is G-invariant. Q.E.D. 

Acknowledgements: We would like to thank the referee for pointing out some inaccuracies 
in the original version of this manuscript. 
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